The vortex-induced vibrations may have disastrous effects in engineering practice, affecting significantly the durability, reliability and safety of engineering structures. This is a reason for which a great deal of effort has been dedicated to the proposition of control strategies to deal with the vortex-induced vibration problem. However, few works have proposed the use of viscoelastic materials to suppress the vibrations induced by vortex shedding, which motivates the present study. Here, the immersed boundary method combined with the virtual physical model is used to investigate the dynamics of a viscoelastically-mounted rigid cylinder in a fluid flow under transverse oscillations induced by vortex shedding. A straightforward time-domain modeling procedure of immersed viscoelastic system by using a four-parameter fractional derivative model is proposed. After the theoretical aspects, numerical tests are performed to investigate the vortex-induced oscillations and flow characteristics of the immersed viscoelastic system at Reynolds number 10,000 for a range of reduced velocity and temperature for two values of mass ratios. The results demonstrate the interest in using viscoelastic materials to mitigate the vortex-induced vibrations.
Introduction
Incompressible viscous flows around rigid circular cylinders have been extensively studied by many researchers (Alam and Zhou, 2007; Carmo and Meneghini, 2006; da Silva et al., 2016; Juncu, 2007; Sumner et al., 2008) . Comprehensive studies on this subject can be found in the monographs by Anagnostopoulos (2002) and Naudscher and Rockwell (1994) . The vortex-induced vibration (VIV) problem of elastically-mounted cylinders has also received much attention from the fluid mechanicians and offshore designers to avoid catastrophes due to the resulting oscillations (Feng and Wang, 2010; Marquet et al., 2008; Wang et al., 2013) .
In practice, the VIV problem can occur in many engineering fields such as bridges, transmission lines, maritime structures, and petroleum production (Govardhan and Williamson, 2006; Morse and Williamson, 2009 ). Thus, various active and passive control techniques have been proposed to suppress the vibrations induced by vortex shedding. Feng and Wang (2010) have used a vortexsynchronization control strategy based on a synthetic jet method to control the flow over a rigid cylinder at Reynolds number 950. Govardhan and Williamson (2006) have applied an external active damper on an elastically-mounted cylinder subjected to the VIV problem. Al-Jamal and Dalton (2004) have studied the VIV problem of a spring-mounted cylinder by performing two-dimensional simulations at Reynolds number 8,000, for various damping ratios and natural frequencies. Pan et al. (2007) have addressed the random disturbances on the VIV response of a cylinder by using a two-dimensional Reynolds-averaged Navier-Stokes code. Ray and Christofides (2005) have implemented an open-loop control system to reduce the drag force exerted on a cylinder under rotational oscillations for Reynolds numbers in the range 100 Re 500. Morse and Williamson (2009) have employed controlledvortex-induced vibration experiments to predict the discontinuities in the fluid force contours. These authors have identified different vortex modes in the map of regimes by Williamson and Roshko (1988) . Marquet et al. (2008) have applied a passive control method with a sensitivity analysis to study unstable flows. Richter et al. (2010) have investigated the influence of the viscoelastic behavior of the fluid flow on the VIV problem. Pasto`(2008) has performed wind tunnel tests with a vibrating cylinder in laminar and turbulent flows to evaluate the cylinder roughness and the mass-damping parameter on the VIV problem. Flemming and Williamson (2005) have investigated how an elastically-mounted cylinder can modify the fluid forces and vorticity field. Mehmood et al. (2014) have implemented linear and nonlinear active controls to mitigate the VIV problem of an elastically-mounted cylinder.
In summary, much research on the study of VIV problems has been conducted in the open literature. However, few works have addressed the application of viscoelastic materials, as a passive control strategy, to suppress the vortex-induced vibrations, which motivates the present study. It may be attributed to the inherent difficulty in dealing with the frequency-dependent and temperature-dependent behavior of viscoelastic materials in the fluid-structure modeling. Thus, a straightforward time-domain modeling of viscoelastic systems subjected to the VIV problem in order to suppress it is proposed.
Among the widely used mathematical representations to account for the frequency-dependent and temperature-dependent properties of the viscoelastic materials (Nashif et al., 1985) , the four-parameter fractional derivative model (FDM), initially suggested by Galucio et al. (2004) , based on the developments by Torvik (1979, 1983) , is retained herein. Also, the immersed boundary method (IBM) (Peskin, 1977) combined with the virtual physical model (VPM) (Lima e Silva et al., 2003) is used to simulate the two-dimensional flow around the system.
Background on the formulation for the fluid-structure interface
The modeling of a two-dimensional viscous and incompressible flow is summarized herein based on the developments made by Lima e Silva et al. (2003) and da Silva et al. (2016) . The flow is described by a fixed Eulerian grid using a finite difference method and the immersed body is represented by a moving Lagrangian grid, as depicted in Figure 1 . The grids are coupled by a force field evaluated at the Lagrangian points and subsequently distributed over the Eulerian nodes of the body. The two-dimensional viscous and incompressible flow can be modeled by applying the following Navier-Stokes equations:
where and designate, respectively, the density and the kinematic viscosity, u i is the i-th velocity component, p is the pressure and f i is the i-th component of the following Eulerian force field used in the IBM method to represent the physical fluid-structure interaction:
In equation (2), x and x k are the Eulerian and Lagrangian coordinates, respectively, ÁS is the arc length centered in each Lagrangian point, D is the distribution function given by Peskin (1977) , and F x k , t ð Þis the Lagrangian force, computed by applying the VPM method over a fluid particle: where
Þ are the acceleration, inertial, viscous and pressure forces, respectively, which must be evaluated over the physical fluid-body interface using the Eulerian velocity, V x k , t ð Þ, and pressure, p x k , t ð Þ, assuming no-slip boundary at the fluid-body interface.
Modeling of the viscoelasticallymounted cylinder in a fluid flow
The present study is focused on the two-dimensional flows over a rigid viscoelastically-mounted cylinder subjected to transverse vibrations induced by periodic shedding of vortices using the 1-degree of freedom (DOF) model illustrated in Figure 2 , where the cylinder displacement, y t ð Þ, is in the normal direction of the freestream velocity, U, only.
Starting from the equation of motion for an immersed elastically-mounted cylinder (da Silva et al., 2016) , the equation of motion of the 1-DOF viscoelastic system in a fluid flow can be written as:
where m is the cylinder mass, c is the viscous damping, k
Þ is the frequency-dependent and temperature-dependent stiffness of the viscoelastic spring and F l t ð Þ is the lift force exerted on the cylinder in the transverse direction generated by the fluid flow.
It is worth mentioning here that, equation (5) shows the possibility of performing VIV analyses of an immersed body with viscoelastic materials added to its previously inherent structural damping, in applications in which it is required.
FDM model
Since the frequency and temperature exert a significant influence upon the viscoelastic properties, it becomes necessary to account for their variations in equation (5) to investigate the VIV problem. It can be done by using the FDM model, initially proposed by Torvik (1979, 1983) , and modified herein by applying the Gru¨nwald method (Galucio et al., 2004) to approximate the fractional operator appearing in the viscoelastic constitutive equation:
By applying the Gru¨nwald method,
, the discretized anelastic strain is obtained as:
where E 0 and E 1 are, respectively, the static and dynamic moduli, is the relaxation time, is the fractional operator 0 5 5 1 ð Þ , Át ¼ t=n is the time step, n p n is the number of points,
Þis the dimensionless constant and A jþ1 ¼ j À À 1 ð Þ A j =j is the Gru¨nwald coefficient. This latter represents the fading memory of the viscoelastic material.
The complex modulus function, E !,
Þ , for the FDM model, can be obtained by applying the Fourier transform to equation (6), where the four parameters E 0 , E 1 , , ð Þmust be identified by experimental data-sheets provided by the manufactures of viscoelastic materials as functions of frequency and temperature (de Lima et al., 2014) .
The stress component for the viscoelastic spring can be written in terms of the anelastic strain equation (7) and the strain relation, "
By combining equation (8) with the following straindisplacement relations, " t ð Þ ¼ y t ð Þ=L v and " " t ð Þ ¼ " y t ð Þ=L v , and based on the relation, k
can be written as: where k
is the stiffness corresponding to the purely elastic part,k
Þ are, respectively, the stiffness and loading arising from the viscoelastic law, where k
, L v and A v are the length and cross-sectional area of the viscoelastic spring, respectively, and " y t ð Þ is the anelastic displacement. This latter can be found by substituting the relation, " " t ð Þ ¼ " y t ð Þ=L v , in equation (7) to give:
Upon introduction of equation (9) into equation (5), the dynamic equation of the immersed viscoelastic system can be written as:
where f v t, jÁt ð Þ is the viscoelastic force exerted on the cylinder which is dependent on the anelastic displacement, " y t ð Þ, and the Gru¨nwald coefficients, A jþ1 . It is interesting to highlight that equation (11) represents a straightforward time-domain modeling of the 1-DOF immersed viscoelastic system, since the time history-dependent loading arising from the viscoelastic law is shifted to the right-hand side of equation (11), modifying in this way the lift force exerted on the cylinder. However, at the expense of higher computational cost, the modeling methodology can potentially be extended for the VIV analysis in more complex immersed bodies with viscoelastic materials formed by a large number of DOFs by using the finite element (FE) method combined with the computational fluid dynamics (CFD) approaches. Also, in situations in which the cylinder is mounted on a purely elastic spring, the modified stiffness,k 0 v , and loading term, f v t, jÁt ð Þ, arising from the viscoelastic behavior of the spring vanish, since c g ¼ 0.
Based on the modeling features, in which the cylinder motion is coupled with the fluid and viscoelastic forcing functions, as defined in equation (11), a numerical integration scheme has been implemented according to the following main steps: (i) at the beginning of the numerical process, after defining the initial and boundary conditions for both the fluid and structure and the FDM parameters, E 1 , E 0 , , ð Þ , for a given temperature, the flow is solved by performing equation (1) through a second-order accurate finite-difference method (da Silva et al., 2016) ; (ii) next, the Lagrangian force, F x k , t ð Þ, exerted on the cylinder surface is evaluated by equation (3); (iii) equation (2) is then used to generate the Eulerian force, fðxÞ, exerted in the transversal direction to the fluid flow; (iv) after, equation (11) is solved by using a variant of the Newmark integration scheme (Bathe, 1996) for time advancement of the displacement and velocity of the cylinder center and the flow characteristics. The anelastic displacement is found by performing equation (10), where, at,
Þ; and (v) the process is stopped when the final time is reached.
It should be mentioned that the numerical resolution scheme was implemented in C þþ programming languages and the central processing unit time needed to compute 67 seconds of simulation was approximately 156 hours in an Intel Core i7-6700K CPU @ 4,00GHz, 16GB RAM.
Numerical results and discussion
To illustrate the main features and capabilities of the proposed methodology, numerical simulations were performed using the domain illustrated in Figure 3 , where D ¼ 1m. A mesh of 400 Â 300 points in x and y directions, respectively, was used based on a progressive grid refinement performed in order to minimize its influence on the fluid dynamic coefficients. The direction of the flow has been assumed from the left to the right side of the domain. At the inlet, a uniform velocity profile was imposed and at the outlet and at the top and bottom boundaries, the Neumann condition was assumed. For the pressure, the Neumann condition was used at the inlet and outlet, and at the top and bottom boundaries the Dirichlet condition was imposed.
At the beginning of the numerical process an arbitrarily small physical time step of Át ¼ 1 Â 10 À6 s was chosen, in order to guarantee the stability of the numerical code. However, as the flow develops, the time step is increased gradually up to, Át ¼ 1 Â 10 À4 s. It is also important to define herein the following groups: the non-dimensionless time, tU=D; the drag and lift Silva et al. (2016) , who investigated the VIV of a cylinder mounted on a purely elastic spring. Also, in the present study, the viscosity parameter was maintained constant. Figure 4 shows the loss factor, !, T ð Þ ¼ E 00 !, T ð Þ=E 0 !, T ð Þ, and the storage modulus, E 0 !, T ð Þ, reconstructed from the identified FDM parameters defined in Table 1 . Figure 5 shows the time histories of the normalized displacements, y=D, of the system with and without viscoelastic material. This latter represents the case in which the body is mounted on a purely elastic spring, where,k 0 v , and, f v t, jÁt ð Þ, arising from the viscoelastic law vanish, since c g ¼ 0. The interest in examining these situations is to quantify the improvement entailed by the viscoelastic behavior of the spring on the VIV problem. The efficiency of the viscoelastic material in mitigating the cylinder oscillations induced by vortex shedding, especially at 10 C can be clearly seen. This means that the energy input by the fluid-dynamic excitations exerted on the vibrating cylinder are reduced by the viscoelastic damping forces. However, as the temperature increases, the damping capacity of the viscoelastic material is significantly affected, causing a beating behavior characterized by amplitude-modulated oscillations (Gabbai and Benaroya, 2005) . This indicates that, the beating behavior is controlled by the viscoelastic behavior of the spring in such a way that, in situations in which it becomes soft, as normally observed for higher temperature values (de Lima et al., 2014) , a beating behavior is expected. Thus, in practical applications in which the viscoelastic materials are used to mitigate the VIV problem, the temperature variations must be properly accounted for in the modeling procedure.
To demonstrate the effects of the temperature variations on the cylinder motion, Figure 6 (a) shows the amplitude ratio, A 10 % , as a function of temperature, computed from the average of the 10% highest motion amplitudes, A ¼ y max =D ð Þ . It can be noted that, the increase in temperature from 10 C to 60 C leads to a significant reduction in the damping capacity of the viscoelastic material from approximately 78% to 23%, respectively. In other words, at higher temperature values, the loading, f v t, jÁt ð Þ, generated by the viscoelastic behavior of the spring is too small to produce any effect on the vibration of the cylinder, as shown in Figure 6(b) , where " f v is the average of, f v t, jÁt ð Þ. This finding is in agreement with the results depicted in Figure 4 , which show the loss factor versus frequency for each temperature value.
By comparing the time histories of the fluid dynamic coefficients shown in Figure 7 for the system without and with viscoelastic material at, 10 C, the effectiveness of the viscoelastic damping in mitigating the vortex shedding phenomenon can be clearly perceived, since it leads to reasonable reductions in lift and drag. Figure 8 shows the power spectra of the displacement, E y=D , and lift coefficient, E C L , obtained by applying the fast Fourier transform (Bathe, 1996) of the time histories of, y=D, and, C L , at 10 C for the steady-state regime. It can be noted that the displacement amplitude is clearly limited by the viscoelastic damping. Also, since the single dominant vortex shedding frequency for the vibrating cylinder, St s ¼ 0:26, corresponds to neither the natural shedding frequency of the stationary cylinder, St 0 ¼ 0:22 (in the present case), nor the structural natural frequency of it, St n ¼ 0:29, but it lies somewhere in between, it defines the soft-lock-in region (Mittal and Kumar, 2001) . However, in situations in which the vortex-shedding frequency also diverges from that of the stationary cylinder, but it becomes equal to the frequency of the vibrating cylinder, it characterizes the lock-in state, where the wake structure is synchronized with the cylinder motion and the fluid-structure interaction becomes strong, leading to high vibration amplitudes. Figure 9 shows the vorticity contours of the system with and without viscoelastic material at, tU=D ¼ 200, for the better damping condition, where the red color designates the positive vorticity, while the blue color indicates the negative vorticity. It reveals that the wake geometry is significantly affected by the viscoelastic damping, where the flow structure is similar to the 2S mode, since two single vortices are shed in a cycle of vortex shedding, according to the vortex shedding patterns depicted in Figure 10 , where P indicates a vortex pair and S designates a single vortex (Williamson and Roshko, 1988) . Also, the spacing of vortices in the streamwise and transverse directions for the damped case decrease significantly, compared with the vortices generated by the system without viscoelastic. Since, the differences observed in the wake structure are mainly due to the viscoelastic damping, it enables to conclude that, the flow past the vibrating cylinder mounted viscoelastically is associated with more organized wakes, while disorganized wakes are obtained for the system without damping.
Influence of the reduced velocity and mass ratio on the VIV problem
The interest here is to investigate how changes in V r and m Ã affect the VIV problem for the better damping condition at, 10 C. The tests were performed for, V r ¼ 2, 3:5, 5, 6 ½ , and, m Ã ¼ 2:4, 10:3 ½ . The other parameters have been assumed to be the same as for the previous section. It enables to compare the obtained results with those reported by da Silva et al. (2016) , who investigated the VIV problem of an immersed cylinder mounted on a purely elastic spring at similar conditions. Also, the variation of, V r , was accomplished by changing the structural natural frequency of the cylinder, while the free-stream velocity, U, was kept constant. Figure 11 summarizes the vorticity contours for each reduced velocity and for both mass ratios, obtained at, tU=D ¼ 200. It is evident that, as the reduced velocity increases, the wake structure becomes clearly different from that of the shedding mode of a stationary cylinder, as shown in Figure 12 . As the mass ratio increases, the spacing of vortices in the streamwise and transverse directions decrease, especially for V r ¼ 3:5 and V r ¼ 6.
At, V r ¼ 2, it can be noted the 2S vortex shedding mode for both mass ratios, but at, V r ¼ 5 and m Ã ¼ 2:4, the shedding mode is clearly associated with more disorganized wakes, compared with the wake generated for other reduced velocities at the same mass ratio. As will be discussed later, at this condition, the structural natural frequency of the cylinder, predicted by the reduced velocity relationship, approaches to the frequency of the vibrating cylinder. Consequently, the cylinder oscillations become large, resulting in more disorganized wakes (Mittal and Kumar, 2001) . However, at V r ¼ 5 and m Ã ¼ 10:3, two vortex pairs are formed per cycle of vortex shedding, defining the 2P mode (see Figure 10) . However, if the reduced velocity is further increased, keeping the same mass ratio of, m Ã ¼ 10:3, the vortex shedding assumes again the 2S Figure 11 . Influence of the reduced velocity and mass ratio on the wake structure of the viscoelastically mounted cylinder at Reynolds number ¼ 10,000, and temperature mode. Although there are similarities observed between the wake structures obtained herein with those generated by da Silva el al. (2016) , the differences detected on the wake structure are therefore related to the contribution of the viscoelastic damping on the vibrating cylinder. Figure 13 presents the time histories of the normalized transverse displacement, y=D, of the vibrating cylinder for both reduced velocities and mass ratios addressed herein. It can be noted that, as the mass ratio increases, the cylinder oscillations decrease significantly. Since the temperature of the viscoelastic material was maintained constant at, 10 C, for both cases, the reduction observed in the cylinder motion, as the mass ratio increases, while the reduced velocity was kept constant, is attributed to an increase in both the mass and stiffness of the system according to the mass ratio and reduced velocity relations. In other words, in Figure 15 . Influence of the reduced velocity and mass ratio on the power spectra of the oscillation of the viscoelastically mounted cylinder at Reynolds number ¼ 10,000, and temperature ¼ 10 C. Figure 14 . Influence of the reduced velocity and mass ratio on the amplitude ratio of the viscoelastically mounted cylinder at Reynolds number ¼ 10,000, and temperature ¼ 10 C.
the present study, higher values of, m Ã , are manifested in the form of lower response amplitudes. This finding is in agreement with the results by Shields et al. (2001) . Also, low amplitude oscillations are obtained for reduced velocities lower than, V r ¼ 5. It will be shown later that these oscillations occur at a vibrating frequency slightly lower than the natural frequency of the body. In addition, the beating behavior is not observed herein, as obtained by da Silva et al. (2016) for the elastically-mounted cylinder operating at similar conditions, V r ¼ 3:5 and m Ã ¼ 10:3. Hence, this highlights the effects of the viscoelastic damping exerted on the cylinder oscillation in order to mitigate it. However, the cylinder oscillations become larger at, V r ¼ 5 and m Ã ¼ 2:4, and for reduced velocities greater than, V r ¼ 5, the cylinder motion becomes more disorganized with a gradually decrease in its vibration amplitude. Figure 14 demonstrates clearly that, as the reduced velocity increases for both mass ratios, the amplitude ratio increases until V r ¼ 5. When the reduced velocity becomes greater than, 5, a significant reduction in the amplitude ratio is observed. Also, an increase in the mass ratio leads to a decrease in the amplitude ratio, which becomes clearly larger as the reduced velocity increases.
By analyzing the power spectrum, E y=D , of the vibrating cylinder shown in Figure 15 , it can be concluded that small vibration amplitudes are obtained for low reduced velocities, as confirmed by the results shown in Figure 14 . Also, it is evident that, after the reduced velocity of, 2, as the mass ratio increases, the oscillation frequency, f, of the cylinder related to the prominent frequency in the displacement spectrum, increases significantly. Furthermore, at low reduced velocities (V r 5 5) the natural frequency of the cylinder, f n , is higher than the frequency in which the oscillations occur. However, at V r ¼ 5 the oscillating frequency at m Ã ¼ 2:4 becomes approximately equal to the natural frequency of the body (f % f n ¼ 0:60Hz), leading to large amplitude oscillations, as shown in Figures 13  and 14 . Clearly, this affects significantly the wake structure of the system, as indicated in Figure 11 (e).
Concluding remarks
In this paper, a straightforward time-domain modeling of immersed bodies with viscoelastic materials subjected to the VIV problem in order to mitigate it was suggested. The typical application composed by a 1-DOF viscoelastically-mounted cylinder in a fluid flow at Reynolds number 10,000 was used primarily to illustrate the main features and capabilities of the methodology. However, it can potentially be extended to more complex immersed bodies from practical engineering perspectives by performing the FE method combined with CFD. In this case, it is often appropriate to consider a modal-based method (Cura`et al., 2011) to reduce the computational cost.
Since the immersed cylinder is mounted on a viscoelastic spring, the FDM model has been used to transform the frequency-dependent and temperaturedependent dynamic equation into a form with constant viscoelastic stiffness with an added time history-dependent loading arising from the viscoelastic constitutive law, appearing only in the right-hand side of the dynamic equation, modifying in this way the lift force exerted on the cylinder.
The simulations conducted herein revealed that the viscoelastic damping force exerted on the vibrating cylinder is efficient in mitigating the oscillations induced by the vortex shedding, as shown in Figure 5 . Also, the wake structure of the viscoelastic systems is clearly more organized than that obtained for the cylinder without viscoelastic material. However, the results make also clear the significant influence of the temperature on the VIV response.
Finally, a study of the influence of the reduced velocity and mass ratio on the VIV problem has been also performed here to discuss about the main features of the obtained results, compared with the corresponding results obtained by da Silva et al. (2016) for an elastically-mounted cylinder at similar conditions. The variations that have been performed on these parameters, while the free stream velocity was kept constant, have demonstrated their significant influence on the cylinder oscillation, even for the viscoelastically-damped case.
